Abstract. We study adiabatic charge transport in a two dimensional lattice model of electron gas at zero temperature. It is proved that if the Fermi level falls in the localization regime then, for a slowly varied weak electric field, in the adiabatic limit the accumulated excess Hall transport is correctly described by the linear response Kubo-Štreda formula. Corrections to the leading term are given in an asymptotic series for the Hall current in powers of the adiabatic parameter. The analysis is based on an extension of an expansion of Nenciu, with the spectral gap condition replaced by localization bounds.
Introduction
The focus of this work is the charge transport induced through an adiabatic change of the Hamiltonian of an electron gas. In particular, we consider a process which may arguably yield the Hall conductance of a two dimensional system at zero temperature, and show that if the Fermi energy falls in the localization regime then the adiabatic transport is described by the Kubo-Štreda linear response formula.
The various Kubo formulae [1, 2] , as derived from linear response theory, provide the basis for a number of calculations of the Hall conductance in 2D systems [3] [4] [5] [6] [7] . The observed exact quantization of the Hall conductance [8] suggests that these calculations are correct in this context. At first glance that may not be obvious, since the steps usually taken in the derivation of these formulae involve not only some debatable physical approximations but also some formal operator manipulations, which can lead to incorrect conclusions. Our goal here is to shed some light on the validity of these calculations. (This is, of course, not the first attempt to demonstrate conditions under which the Kubo formula is valid. In particular, ref. [9] offers a meaningful version of the linear response calculation, in the context of an infinite system with a random or quasi-periodic potential, within the framework of the relaxation time approximation.)
The Hall effect is observed when charges move in the presence of an electric field and a magnetic field. In such situations the current J has a component which is transverse to the electric field E . The Hall conductance σ H is defined as the off-diagonal element σ 1,2 of the matrix σ = ∂J ∂E . It has been noted in the literature that Hall currents may flow both along the boundary and through the bulk [4] , and that the corresponding bulk and boundary Hall conductances agree. The extremely precise quantization observed experimentally in 2D seems to require such agreement and recent theoretical works have illuminated the mathematical underpinning of Date: Feb. 20, 2002. this relation (albeit under the somewhat restrictive assumption of a spectral gap) [10, 11] .
In the present discussion we consider an expression for the bulk Hall conductance obtained by means of the charge transport induced through an adiabatic evolution. The basic mechanism is reminiscent of one which has appeared in Laughlin's Corbino disk 'gedanken experiment' [3] , though with a significant simplification which makes the mathematical analysis significantly easier.
To probe the response within the bulk, we consider an infinite system of charges which form a non-interacting Fermi gas governed by a one-particle Hamiltonian on ℓ 2 (Z 2 ). The Hamiltonian is given by a random operator H ω , with disorder present in the form of a random potential. For the Hall conductance we consider the transverse current induced by a time-dependent potential gradient. The full Hamiltonian is
with g(·) a smooth function supported in (0, 1). The potential Λ 1 is taken here to be of the form of a step function depending only on the x 1 component of the position, which tends to 0 at −∞ and 1 at +∞ with the gradient vanishing exponentially fast as |x 1 | → ∞. We study here the evolution up to time τ , in the limit in which τ is taken to be very large and the field's coupling strength λ/τ correspondingly small -with λ fixed. We shall be interested in computing the induced charge transport across the line x 2 = 0, in the state ̺ τ (t) which evolves from the zero temperature state P o = χ(H < E f ), with E f the Fermi-energy.
The quantum mechanical expectation value of the induced current is given by
where Λ 2 is the indicator function of the upper half plane. The subtraction removes the flux which may be present even without the added field. The total charge transport which can be attributed to the extra term in the Hamiltonian (δV below ) is
It yields information on the Hall conductance since the time integral of the driving field is the gradient of −λ Λ 1 (x 1 ) 1 0 g(s)ds, and
with φ(1) = 1 0 g(s)ds. One of the preliminary statements derived here is that, if the Fermi energy lies either in a spectral gap or in the localization regime defined by a suitable fractionalmoment condition, then for almost every realization of H ω the combination appearing in eq. (1.2) forms a trace-class operator (and thus the trace is unambiguously defined). Furthermore, our main result is that under the above conditions
This agrees with the Kubo-Štreda formula for the Hall conductance, confirming the validity of the linear response calculation in this context. A key role in the proof is played by an asymptotic expansion developed by Nenciu [12] for an adiabatically evolved projection operator. The expansion was originally developed under the assumption of a spectral gap, which is not appropriate for the situation considered here. However, we show that under suitable localization bounds the Nenciu expansion can be extended to cases where the Fermi energy falls in a regime of dense point spectrum.
The resulting expression for the Hall conductance has been studied in detail by a number of authors [7, 9, [13] [14] [15] [16] . In particular, it has been observed that it is π times the first Chern number of a certain vector bundle over a torus (in a units system with e = = 1) [7, 14] . It was also recognized that this Chern number could be calculated using techniques from K theory and non-commutative geometry [17] . The topological nature of the expression for the Hall conductance offers an explanation for its observed quantization. However, it should be noted that issues of summability of the corresponding kernels are very relevant for the topological terminology to make sense. The required decay of the kernel of the projection operator P o was proven only under localization conditions which imply also that the direct (dissipative) conductance vanishes ( [9, 18, 19] ). This is, of course, notably consistent with the experimentally observed picture.
Avron, Seiler, Yaffe [20] observed that an adiabatic transport formula similar to eq. (1.5) is valid for a finite system with quasi-periodic boundary conditions. In that context, the proof can be based on the more standard adiabatic theorem which requires a spectral gap. That argument is insufficient for the infinite systems with Fermi energy E F lying in a band of localized states -the case of main interest for the Quantum Hall Effect.
Statement of the main result
We require certain technical assumptions on the Hamiltonian and the perturbing potential. The most important of these is that the eigenstates of H with energies near the Fermi energy should be localized. A condition which both enables our analysis (if met for E = E F ) and is derivable for systems of the kind considered here ( [18, 21, 22] ) is stated in the following definition. In it, and through this note, we denote by E(A • ) the expectation value of the random variable A ω . When it is clear from context we may drop the subscript ω even when referring to a particular realization. As is customary, an identity or inequality is said to hold almost surely if it holds with probability one. Definition 1. Let H ω be a random self-adjoint operator on ℓ 2 (Z 2 ). We say that H ω satisfies the fractional moment condition at E ∈ R if for some 0 < α < 1, µ > 0, and
This condition may be verified for energies throughout the localization regime by, for instance, the methods of [22] . (The placement of the supremum inside the expectation makes this condition appear stronger than what is derived in the cited literature, however in Appendix A we show that (2.1) follows easily from known results.)
Even when the eigenstates with energies close to the Fermi energy are localized, there may be points in the spectrum, far from E F , at which the localization length diverges. In fact such energies must be present for non-zero transport to occur (see discussion in [18] ). Thus we do not expect the dynamics associated to H ω to be uniformly localized. However, we shall require the dynamics to have, in effect, a finite speed of propagation. This is assured by the following condition Definition 2. A random self adjoint operator H ω on ℓ 2 (Z 2 ) is said to be short range if there are µ > 0 and A < ∞ such that
almost surely.
Remark: The diagonal elements of H ω may be arbitrarily large -the magnitude of these elements does not affect the propagation bounds. Finally, the external potential considered here will be in the form of a switch function, Λ 1 (x 1 ), in the terminology of ref. ( [7] ).
Definition 3. A switch function in the j
th -direction with j = 1 or 2 is a function Λ : Z 2 → [0, 1] which depends only on the variable x j and satisfies
for some m > 0.
Remark:
The exponentially decaying bounds in definitions 1,2, and 3 could be replaced with sufficiently fast power decay without affecting the results which appear below. Our main result describes an asymptotic expansion for the current induced by such a potential in a transverse direction, which yields the Kubo formula in the limit τ → ∞.
which is short range. Suppose that H ω satisfies the fractional moment condition at E F ∈ R and let ̺ τ be the solution to the evolution equation, for t ∈ [0, τ ]:
The observable whose trace is the induced Hall current,
is almost surely trace class for all τ ≥ 0 and t ∈ [0, τ ].
with C ω < ∞ almost surely.
Remarks
(1) It follows from (2.6) that the adiabatic limit of the transported charge is almost surely described by the Kubo formula:
(2) We shall prove (2.6) by establishing that J (τ s) admits an asymptotic expansion
, for which we prove that if g and its first k + 2 derivatives vanish at 0 then
for some α ∈ (0, 1). The operators K j (s) are obtained through the Nenciu expansion for ̺ τ [12] , whose validity is extended here to the localization regime, where the gap condition of [12] need not hold. In the derivation we shall consider the above quantities under two convenient "changes of variables". The first is a switch to the scaled time s = t/τ , whose variation in the course of the adiabatic evolution is of order 1. The second, is a convenient time dependent gauge transformation.
We shall make use of the fact that under the gauge transformation
the evolution (2.4) is transformed into the initial value problem : 
Let us explain the utility of the working with H ω (s) in place of H ω (s) = H ω + 1/τ g(s)Λ 1 . Both families are short range and satisfy the fractional moment condition uniformly in s. However, if we fix a disorder configuration there will be times s ∈ [0, 1] when H ω (s) has an eigenvalue at E F . Such crossings of the Fermi energy do not occur for H ω (s) since these Hamiltonians are iso-spectral. This is implicit in the following stronger version of the fractional moment bound which holds for H ω whenever H ω satisfies just eq. (2.1):
It is the uniformity in time of this bound which allows us to follow the adiabatic evolution of P τ , at the level expressed in Lemma 3.1.
In terms of the new variables, the current we are interested in takes the form
where
The induced transport is therefore
3. Asymptotic expansion for P τ Theorem 1 will be proven by means of the asymptotic series for P τ in powers of 1/τ , which was derived by Nenciu [12] . If one assumes the existence of such a series
then the Heisenberg equation of motion
leads to a sequence of differential equations
Since P τ (s) is a projection for each s, one also has P τ (s) 2 = P τ (s), which yields a sequence of algebraic constraints:
In particular:
is a projection for each s. Our main interest is in the first two terms of such an expansion. In fact, we will have B o (s) = P (s) (defined by eq. (2.14)). Thus, formally,
and up to terms of order τ −1 the induced transport (2.15) is equal to
In Nenciu's approach (3.3a) and (3.3b) are considered together as a system of algebro-differential equations. Instead of treating (3.3a) as an initial value problem, one starts from the above characterization of B o (s) and systematically recovers B j (s) for all s and j ≥ 1. The approach was initially presented under the assumption of a spectral gap at E F and sufficient smoothness of the projection B o (s) as a function of s. While the "gap assumption" does not apply in our context, Nenciu's explicit solution [12, Lemma 2.1] continues to make sense under the "fractional moment" localization bound.
As a matter of convenience, we shall initially study B j (s) as kernels, focusing on their "matrix elements" and ignoring the question of the nature of the corresponding operators, until the very end when we identify certain combinations as the matrix elements of P τ (s).
The relevant facts are summarized in the following lemma. 
The lemma is proven in Section 4. The proof uses a general expression for B j , see eq. (4.14), which for the first term (the one of main interest for us) reduces to
Here R(s, z) = (H(s) − z) −1 and Γ is a contour encircling the spectrum below the Fermi energy. Let us call attention to the fact that the "error term" estimate in eq. (3.5) is weaker by a factor of τ 3 from the natural estimate for an asymptotic expansion valid to all orders. In fact, the bound eq. (3.5) can be used to yield such estimates, with O(τ −k+2 ) replaced by O(τ −k−1 ), if the derivatives of φ at 0 vanish up to order k + 2.
The above Lemma directly yields Theorem 1 (see Section 5), with
The factors of e ±iφ(s)Λ1 occur since to produce a statement about the physical evolution ̺ τ we must undo the time dependent gauge transformation (2.9). Of course, these factors do not affect the trace of K j .
Trace estimates and proof of Lemma 3.1
Our goal in this section is to prove Lemma 3.1. In order to do that let us first present some elementary but useful tools.
4.1.
Trace technology and calculations with kernels. Following are some explicit bounds which are useful in bounding traces, and establishing the traceclass property.
First, by the sub-additivity of the trace norm and the representation of an operator as the sum of the rank one operators, A = x,y | x y | A(x, y):
A sufficient condition for a random operator to be almost surely trace class is that some moment of Tr |A| (even at a power smaller that one) be finite. Products K = K 1 K 2 may be trace class operators if the kernels K j have sums from a given point u to all other lattice sites, have a fast decay (summable) in the complementary components u j . Following are two useful bounds. 
The proof is elementary, using: i. eq. (4.1) , ii. the fact that for α ∈ [0, 1]: | n g n | α ≤ n |g n | α , and iii. the Schwarz inequality. 
with any m ≤ m (m as it appears in eq. (2.3)).
Remark: in applying the above bound will shall of course pick m ≤ µ α .
Proof. Note that
. Hence eq. (4.4) follows from the easily verified observation that the switch function (defined by eq. (2.3)) satisfy:
with any m ≤ m.
In the proof of Lemma 3.1 we shall be particularly interested in a class of random kernels which satisfy a bound similar to (4.4). That is, operators K ω (x, y) such that 6) for some α, µ α , m > 0 and A < ∞. The following result regarding such kernels will be quite useful in the construction of the asymptotic series for P τ .
Lemma 4.3. Let H ω be a short range self adjoint operator which satisfies the fractional moment localization condition at E F ∈ R. Let Γ be a simple curve which encircles the spectrum H ω below the Fermi energy and does not approach the spectrum at any point other than E F where it intersects the real axis transversely. If
exists almost surely and the resulting kernel K satisfies (4.6) with modified constants
Proof. With no loss of generality, we assume that the contour Γ is a rectangle consisting of the line segment E F ± iη with η ∈ [0, 1], together with segments parallel to the real axis at Imz = ±1 and a segment closing the rectangle below the spectrum. If H ω is unbounded from below then, strictly speaking, the integral must be defined through a limit in which the segments parallel to the real axis are extended to −∞. Once the existence of the integral is verified, it is not hard to see that its value does not depend on the choice of contour provided Γ satisfies the conditions stated in the lemma.
Let us first consider the case when H ω is bounded from below. Then Γ has finite length and the integral may be bounded in terms of the supremum of the integrand over the contour:
The localization assumption (2.1) and the Combes-Thomas bound [23] ,
together imply that
for some µ α > 0 and α ∈ (0, 1). Now K is easily seen to satisfy (4.6) with modified constant α ′ = α/3. When the Hamiltonian H ω is unbounded from below, some care must be taken to control the segments of Γ which run to −∞. However, this may be accomplished with the improved Combes-Thomas bound of ref. [18] (eq. (D.4)):
We leave the details of this calculation to the reader (see [18, Appendix D] where a similar calculation is presented for the projection kernel).
4.2.
A uniqueness Lemma. In the proof of Lemma 3.1 we shall employ an asymptotic series for a solution to the initial value problem (2.10), corresponding to Heisenberg's equations of motion for P τ . A uniqueness statement is then needed in order to conclude that this is indeed the series for P τ . Unlike in the case discussed in ref. [12] , the operators which the Nenciu expansion yields for us need not be bounded (since we do not assume the spectral gap condition). Hence the uniqueness of solution within the space of bounded operators does not suffice here. Following is a statement tailored to our needs.
Lemma 4.4. Let x| Q ω (s) |y be family of random kernels which for every x, y ∈ Z 2 is almost surely differentiable in s and solves the initial value problem 
then, almost surely, x| Q ω (s) |y = 0 for every s ∈ [0, 1] and x, y ∈ Z 2 .
As the proof of this lemma is purely technical, we do not present it here but rather in Appendix B.
4.3.
Proof of Lemma 3.1. As Nenciu pointed out, the following recursive construction yields a solution to eqs. (3.3), with the initial data B o (s) = P (s):
where 15) and the contour Γ encircles the spectrum below the Fermi energy. Using Lemma 4.3, we show below that despite the fact that the above formula involves unbounded integrands the integrals are meaningful (at the level of kernels, as explained above). Specifically, it will be shown that -under the fractional moment localization condition -
for some α, µ α , m > 0, and that (4.16) holds, also, withḂ j (s) in place of B j (s).
The above bound will be used here to establish that the terms discussed below are meaningful, and also to show that a B j (s) [H ω (s) , Λ 2 ] is almost surely trace class for every s.
Formally, if all derivatives of φ vanish at 0 then for each τ the sum τ −j B j (s) solves the same initial value problem as P τ (s). This is only formal since the series is not expected to converge. More controllable will be an expansion to a finite order.
Let now Q τ (s) be defined as:
where U τ (s, t) are the Schrödinger unitary propagators, satisfying
As stated above, for the moment we regard Q τ (s) as kernels. It is easy to verify that as such they satisfy the Heisenberg equation:
If the first k derivatives of φ(s) vanish at s = 0 then also The applicability of Lemma 4.4 will follow from the bound (4.16) combined with the deterministic estimate:
with µ > 0 independent of the disorder configuration. This bound (finite speed of propagation) is a known property of short range Hamiltonians. A simple proof may be obtained using the Dyson expansion, but it can also be viewed as a special case (obtained by restricting the attention to the one-particle subspace) of the more general statement of ref. [24] , which concerns dynamics under local interactions in quantum lattice systems. (The adaptation to time dependent Hamiltonians is elementary). Thus, much hinges on the estimate (4.16). Let us now derive it, and then conclude the proof with an estimate on the resulting "error term":
Eq. (4.16) may be verified by induction on j using Lemma 4.3 at each step to conclude that the expression for B j is meaningful. We will provide the details for B 1 only: Using (4.14) in the case j = 1, we see (from Lemma 4. All that remains is to obtain a bound for the trace norm of the "error":
Intuitively, one may think of the following picture. SinceḂ k−1 (r) satisfies a bound of the form (4.6), it is basically supported in the strip of width O(1) around y axis. The effect of U τ is to spread this region by a factor of τ -it is here that a finite speed of propagation estimate will enter. On the other hand, [H ω (s) , Λ 2 ] is basically supported in a strip of width O(1) around the x-axis (see Lemma 4.2). As a result, the trace class norm of (4.23) will be bounded by O(τ 2 ), that is, the square of the area of intersection of a strip of width O(τ ) about the y axis and a strip of width 0(1) about the x axis. Thus, if we choose we choose k ≥ 3 we should be able to control the error term.
We derive a quantitative statement from the following deterministic estimate on the kernel of U τ (4.21),
with K 1 (x, ζ) = sup r x|Ḃ k−1 (r) |ζ , and
(4. 25) This shows that (3.5) is true and completes the proof of Lemma 3.1.
Proof of the Kubo formula (Theorem 1)
In light of the discussion after Lemma 3.1 we see that Theorem 1 follows once we prove that
However, this identity follows from elementary calculations using the formula for B 1 :
is almost surely trace class (Lemma 4.1), 4) and cyclicity of the trace (easily verified for these operators) yields 5) which is equivalent to (5.1) since e ±iφ(s)Λ1 commutes with Λ 1 and Λ 2 ; recall that P (s) = e iφ(s)Λ1 P o e −iφ(s)Λ1 . This completes the proof of Theorem 1.
Appendix A. Resolvent Decay
Our goal in this section is to derive the fractional moment localization condition eq. (2.1) from the bounds presented in [22] , i.e., that the supremum over ǫ may be place inside the expectation as claimed (see the Lemma below). While this is a rather technical result, it played a decisive role, for example, in our proof of Lemma 4.3 where it was important to know that this supremum was almost surely finite.
Lemma A.1. Let H ω be a short range random self adjoint operator of the form considered in [22] . If for some E F ∈ R there exist α, A < ∞ and µ > 0 such that
we conclude that
Upon taking the expectation value of both sides and using the Cauchy-Schwartz inequality to separate the products of resolvents which sit on the right, the fractional moment condition (2.1) is seen to hold.
Appendix B. Proof of the Uniqueness Lemma (Lemma 4.4)
The initial value problem (4.12) may be consider as an IVP in the linear space of random kernels which satisfy There is a natural metric on this space with respect to which the driving "vector field" -[H ω (s) , Q ω (s)] -is Lipschitz continuous. However Lemma 4.4 does not follow from the standard Picard Theorem on solutions to an initial value problem in a Banach space for the simple reason that the linear space in question is not a Banach space nor even a locally convex space. In the terminology of [25] it is an F -space: a topological vector space with a complete invariant metric. However, because α < 1 the space is not locally convex.
As we have seen elsewhere in this paper, however, it can be extremely useful to know that the supremum of some kernel over a parameter is bounded in some sense. In the case at hand, Lemma 4.4 is a simple consequence of the assumption that sup s | x| Q(s) |y | have finite α-moments and the short range of H ω .
Proof of Lemma 4.4 . Because the diagonal matrix elements of H ω (s) may be unbounded, it is convenient to incorporate their affect on the dynamics by a time dependent gauge transformation. That is, we consider the evolution of Q(s) defined via 
